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Abstract We design a quantum circuit in IBM quantum computer that mimics the dynamics of single
photon in a coupled cavity system. By suitably choosing the gate parameters in the quantum circuit,
we could transfer an unknown qubit state between the qubits. The condition for perfect state transfer
is obtained by solving the unitary time dynamics governed by the Hamiltonian of the coupled cavity
system. We then demonstrate the dynamics of entanglement between the two-qubits and show violation
of Bell’s inequality in IBM quantum computer.
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1 Introduction
IBM has developed prototypes of 5-, 16-, 20- and 50-qubit quantum computers that are accessible
through a cloud-based web-interface called IBM quantum experience [1]. This has attracted a great
attention for verifying and testing quantum information protocols. Recently, many interesting protocols
such as quantum repeater [5], Deutsch-Jozsa algorithm [9], entanglement purification [5], quantum
router [4], error correction [2], quantum teleportation [11], quantum cheque [3], quantum voting [13],
etc. have been demonstrated using the IBM platform. Quantum computer has also been used for
demonstrating many fundamental aspects of quantum mechanics, such as quantum tunneling [10],
simulating Klein-Gordon equation [14], etc. Moreover, IBM quantum computer is shown to be useful
for playing various games [15, 18, 19].
In this article, we design a quantum circuit in IBM quantum computer that mimics the dynamics
of single photon in a coupled cavity system. The circuit consists of various single-qubit and two-qubit
quantum gates. By suitably choosing the gate parameters, we achieve perfect state transfer between
the qubits. The condition for perfect state transfer is obtained by solving the unitary time dynamics of
single photon in a coupled cavity system. Here, the state that we consider to transfer from one qubit
to the other qubit in the circuit is of the form α |0〉 + β |1〉. We characterize the success probability
of state transfer in terms of fidelity between the target state and the experimentally obtained state
(output from the circuit). We then demonstrate the dynamics of entanglement between the two qubits
and show the violation of Bell’s inequality in IBM quantum computer.
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The paper is organized as follows. In Sec. 2, we consider a system of coupled cavities and derive
the condition for perfect transfer of an unknown state between the cavities, which will be used for
transferring the same in the IBM platform. In Sec. 3, we simulate the dynamics of single photon in
a coupled cavity system through IBM quantum computer and realize quantum state transfer in Sec.
4. Using the same circuit, we study the dynamics of entanglement and demonstrate violation of Bell’s
inequality in Sec. 5. Finally, we summarize our results and conclude with directions for future work in
Sec. 6.
2 Coupled cavity system
Here, we consider a system of coupled cavities, described by the Hamiltonian [16, 17]
H = ω1a
†
1a1 + ω2a
†
2a2 + J(a
†
1a2 + a1a
†
2), (1)
where ω1(ω2) is the resonance frequency of the first (second) cavity and J is the coupling strength
between the cavities. The operator aj(a
†
j) is the annihilation (creation) operator, corresponding to the
jth cavity. The operator N = a†1a1 + a
†
2a2 commutes with the Hamiltonian [H,N ] = 0, hence, the
operator N is a constant of motion. As a consequence, the total number of photons remains constant
during time evolution of the coupled cavity system. It is possible to find an invariant subspace having
a fixed number of photons to diagonalize the Hamiltonian. Here, we restrict our attention up to single
photon subspace and hence, the basis vectors are {|00〉 , |10〉 , |01〉}. Here, |nm〉 represents the first and
second cavities containing n andm number of photons respectively. Now, we can write the Hamiltonian
in the basis {|00〉 , |10〉 , |01〉} as
H =

 0 0 00 ω J
0 J ω

 , (2)
where we assume ω1 = ω2 = ω. The unitary matrix for time evolution takes the form
U = e−iHt =

 1 0 00 e−iωt cosJt −ie−iωt sinJt
0 −ie−iωt sinJt e−iωt cosJt

 . (3)
Consider the state of the first cavity to be of the form α |0〉 + eiηβ |1〉, and the second cavity
in vacuum |0〉. Here, α and β are two real numbers, satisfying α2 + β2 = 1. So, the initial state is
|ψin〉 = α |0〉 |0〉+ eiηβ |1〉 |0〉. Then, the evolved state at time t is
U |ψin〉 = α |0〉 |0〉+ eiηβe−iωt[cosJt |1〉 |0〉 − i sin Jt |0〉 |1〉]. (4)
Perfect state transfer is said to be realized if the evolved state becomes |ψtarget〉 = α |0〉 |0〉 +
eiηβ |0〉 |1〉, i.e., the state of the first cavity becomes a vacuum and the state of the second cavity
becomes α |0〉+ eiηβ |1〉. This is possible if we choose ω/J = 4k− 1 and t = pi/2J . Hence, by properly
choosing the system parameters such as resonance frequencies, coupling strength and evolution time,
we can perfectly transfer an unknown quantum state from one cavity to the other cavity.
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Fig. 1 Circuit diagram that mimics the dynamics of single photon in coupled cavities. The first part is for preparing
a desired qubit state of the first qubit, and the second part does the quantum evolution of the two qubits, and the
third part is the measurement of the two-qubits.
3 Simulation in IBM quantum computer
The circuit that mimics the dynamics of single photon in a coupled cavity system is given in Fig. 1.
As, by default, the states of the qubits are |0〉 in the IBM quantum computer, we need to use suitable
quantum gates to prepare a desired initial state. The first part in the circuit consists of a U3 gate,
which acts on the first qubit to prepare the initial state. The second part of the circuit performs the
quantum state evolution, and the last part is the measurement of the qubits. The circuit consists of
various quantum gates, whose unitary matrices are of the form
U3(θ
′, φ′, λ′) =
[
cos θ
′
2
−eiλ′ sin θ′
2
eiφ
′
sin θ
′
2
eiφ
′
+iλ′ cos θ
′
2
]
, X =
[
0 1
1 0
]
, UCNOT =


1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

 ,
cU1(δ) =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 eiδ

 , cU3(θ, φ, λ) =


1 0 0 0
0 1 0 0
0 0 cos θ
2
−eiλ sin θ
2
0 0 eiφ sin θ
2
eiφ+iλ cos θ
2

 . (5)
State preparation: In IBM quantum computer, the initial state of the qubits are |0〉. Hence, we use a U3
gate, which acts on the first qubit to prepare the state of the form α |0〉+ eiηβ |1〉, where α = cos θ′/2,
β = sin θ′/2 and η = φ′. The initial combined state of both the qubits is
|ψin〉 = α |00〉+ eiηβ |10〉 . (6)
State evolution: Now, both the qubits pass through a series of quantum gates as can be seen in Fig. 1.
We calculate the output state of the circuit before the measurement is done,
|ψout〉 = αeiδ |00〉+ eiηβ
(
eiφ+iλ cos θ/2 |10〉 − eiλ sin θ/2 |01〉
)
,
= α |00〉+ e−iδeiηβ
(
eiφ+iλ cos θ/2 |10〉 − eiλ sin θ/2 |01〉
)
. (7)
Comparing this with Eqn. 4, we can relate the gate parameters to the cavity parameters such that the
circuit can produce the results of the coupled cavity system. This requires δ = ωt, θ = 2Jt, φ = −pi/2
and λ = pi/2.
Measurement: In IBM quantum computer, the measurement collapses the qubit state to either |0〉 and
|1〉 with their corresponding probabilities. From the evolved state given in Eqn. 7, the probabilities of
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Fig. 2 Probabilities P00, P10 and P01 for various values of θ with different number of shots and compared with the
ideal case. (a)θ = pi/4, (b)θ = pi/2, (c)θ = 3pi/4 and (d)θ = pi. We choose θ′ = pi/2, λ′ = 0 and φ′ = 0 in U3 gate, and
φ = −pi/2, λ = pi/2 in cU3 gate and δ = θ in cU1 gate.
detecting various states of the two qubits such as |00〉 , |10〉 and |01〉 can be calculated as
P00 =| 〈00|ψ(t)〉|2 = α2,
P10 =| 〈10|ψ(t)〉|2 = β2 cos2 θ/2,
P01 =| 〈01|ψ(t)〉|2 = β2 sin2 θ/2.
These are the theoretical results that will be true in the ideal case. Fig. 2 shows the experimental values
of P00, P10 and P01, obtained in IBM quantum computer for various values of θ, and compared with
their corresponding theoretically obtained values using the above equations. We choose α = β = 1/
√
2
and η = 0, which require θ′ = pi/2, λ′ = 0 and φ′ = 0 in the U3 gate. IBM allows to run the experiment
for 1, 1024, 4096 and 8192 times (shots). In 1 shot, it does not predict the correct results. Hence, we
need to run the experiment for a large number of times to get the results as close to the theoretical
results. As can be seen from the figure, the experimental results approach the theoretical results if the
number of shots are large.
4 Quantum state transfer
Now, we will discuss the scheme of quantum state transfer in IBM quantum computer. We would like
to transfer the state 1√
2
(|0〉 + i |1〉) from first qubit to the second qubit. To prepare this state, we
choose θ′ = pi/2, φ′ = pi/2 and λ′ = 0 in the U3 gate. Then, the evolved state before the measurement
is
|ψ〉 = 1√
2
|00〉+ i√
2
e−iδ
(
eiφ+iλ cos θ/2 |10〉 − e−iλ sin θ/2 |01〉
)
. (8)
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Fig. 3 Quantum gates required for measuring in different bases.
For θ = pi, φ = −pi/2, λ = pi/2 and δ = (4k − 1)pi/2 = 99pi/2 (we choose k = 25), Eqn. 8 becomes
|ψ〉 = (|00〉 + i |01〉)/√2. This indicates that the state 1√
2
(|0〉 + i |1〉) gets transferred from the first
qubit to the second qubit. Theoretically, the fidelity of quantum state transfer is unity, however, this
may not be true if we implement this in the IBM quantum computer. Hence, we calculate the success
probability of quantum state transfer by using the fidelity [20]
F =
√√
ρT ρ
√
ρT , (9)
where ρT is the theoretically obtained density matrix, and ρ will be obtained experimentally via state
tomography.
A general two-qubit density matrix can be written as [12]
ρ =
1
4
[I ⊗ I + TIX (I ⊗X) + TIY (I ⊗ Y ) + TIZ(I ⊗ Z) + TXI(X ⊗ I) + TY I(Y ⊗ I)
+ TZI(Z ⊗ I) + TXX(X ⊗X) + TXY (X ⊗ Y ) + TXZ(X ⊗ Z) + TYX(Y ⊗X)
+ TY Y (Y ⊗ Y ) + TY Z(Y ⊗ Z) + TZX(Z ⊗X) + TZY (Z ⊗ Y ) + TZZ(Z ⊗ Z)]. (10)
Here, TIX , TIY , ... are analogous to the Stokes parameter [12, 22]. It is to be noted that by measuring
the parameters TIX , TIY , ..., we can reconstruct the total density matrix ρ. But, measurement of these
parameters requires to detect the state in various bases. For instance, to obtain TIX , we need to
measure only the second qubit in X-basis, while to obtain TXY we need to measure the first qubit in
X-basis and the second qubit in Y -basis. Measuring in X-basis requires the use of a H gate before the
measurement, whereas measuring in Y -basis requires to use of S† and H gates (Refer Fig 3). We can
calculate the Stokes parameters using these probabilities [21];
TIk = P0 − P1, (11)
TjI = P0 − P1, (12)
Tjk = P00 − P01 − P10 + P11, (13)
where j, k = X,Y,Z. Using these parameters, we can reconstruct the total density matrix ρ. We
compare the experimentally obtained density matrix with the theoretical density matrix in Fig. 4.
Here, ρT = |ψT 〉 〈ψT |, where ψT = (|00〉+ i |01〉)/
√
2. We calculate the fidelity between the theoretical
density matrix and the experimentally obtained density matrix, and find it to be F ≈ 0.97.
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Fig. 4 The states of the two-qubit at θ = pi. We reconstruct the experimental density matrix by tomographic method.
We choose δ = 99pi/2, φ = −pi/2 and λ = pi/2. (a) and (b) are the real and imaginary parts of the ρT . (c) and (d) are
the real and imaginary parts of ρ.
5 Entanglement dynamics and violation of Bell’s inequality
In this section, we study the entanglement dynamics of the two qubits in the circuit given in Fig. 1.
We consider the initial state to be |10〉. Thus, we set θ′ = pi, φ′ = 0 and λ′ = 0 in U3 gate. The state
|10〉 passes through a series of gates. Then the output state before the measurement is
|ψout〉 = eiφ+iλ cos θ/2 |10〉 − eiλ sin θ/2 |01〉 . (14)
We choose φ = −pi and λ = pi. The concurrence for the above state is [23]
C = 2 cos θ/2 sin θ/2 = 2
√
P10
√
P01, (15)
where P10 and P01 are the probabilities of detecting the states |10〉 and |01〉. Hence, by measuring the
probabilities of detecting the states |10〉 and |01〉, one can obtain the entanglement in the state. Fig.
5 shows concurrence, measured experimentally as a function of θ and compared with the expression
C = sin θ. As can be seen, the theoretical plot matches well with the experimentally obtained values.
The state is maximally entangled at θ = pi/2.
The CHSH form of the Bell parameter is defined to be [6, 8]
BCHSH = A1(B1 +B2) +A2(B1 −B2), (16)
where Ai and Bj are some observables correspond to the first and second qubits respectively. For a
local-realistic theory, 〈BCHSH〉 ≤ 2. However, 〈BCHSH〉 can be larger than 2 for entangled states [7].
We take A1 = |0〉 〈1| + |1〉 〈0|, A2 = i |0〉 〈1| − i |1〉 〈0|, B1 = 1√
2
[(1 − i) |0〉 〈1| + (1 + i) |1〉 〈0|] and
B2 =
1√
2
[(1 + i) |0〉 〈1|+ (1− i) |1〉 〈0|]. The expectation value of BCHSH in the state given in Eqn. 14
is
〈BCHSH〉 = 4
√
2 cos θ/2 sin θ/2 = 4
√
2
√
P10
√
P01. (17)
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Fig. 5 Concurrence as a function of θ and compared with the expression C = sin θ. Concurrence is maximum at
θ = pi/2.
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Fig. 6 Expectation value of the Bell parameter 〈BCHSH 〉 as a function of θ. The upper line is 〈BCHSH 〉 = 2
√
2 and
lower line is 〈BCHSH 〉 = 2.
Hence, by measuring P01 and P10, we can calculate the expectation value of the Bell parameter. The
expectation value of the Bell parameter 〈BCHSH〉 = 4
√
2
√
P10
√
P01 is shown as a function of θ in Fig.
6. Note that, 〈BCHSH〉 reaches its maximum value 2
√
2 for maximally entangled state (θ = pi/2) [7].
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6 Summary
We have successfully demonstrated the quantum state transfer protocol in IBM quantum computer.
The suitable unitary operator for transferring the unknown qubit state is constructed by using the
Hamiltonian of coupled cavities. Condition for perfect state transfer is obtained by solving the unitary
time dynamics of the coupled cavities. By appropriately choosing the gate parameters, it is seen that
the fidelity of quantum state transfer is of 0.97. We further studied the entanglement dynamics of the
qubits in IBM quantum computer and demonstrated the violation of Bell’s inequality. This scheme can
be extended further to transfer an unknown qubit state between any two qubits in an array.
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